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Abstract

An initial-boundary value problem for the multi-term time-fractional wave equation
on a bounded domain is considered. For the largest and smallest orders of the involved
Caputo fractional time-derivatives, & and «;,,, itisassumed 1 < o« < 2anda—a,, < 1.
Subordination principle with respect to the corresponding single-term time-fractional
wave equation of order « is deduced. Injectivity of the integral transform, defined by
the subordination relation, is established. The subordination identity is used to prove
uniqueness for a coefficient inverse problem for the multi-term equation, based on
an analogous property for the related single-term one. In addition, the subordination
relation is applied for deriving a regularity estimate.

Keywords Caputo fractional derivative - Time-fractional wave equation -
Subordination principle - Coefficient inverse problem - Multinomial Mittag-Leffler
function
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1 Introduction

Time-fractional wave equations have attracted the attention of the scientists due to
their ability for modeling of wave propagation in complex media, for instance, in the
dynamical theory of linear viscoelasticity or for modeling the power-law attenuation
when sound waves travel through inhomogeneous media [31]. In particular, the time-
fractional wave equation in its simplest form, where the ordinary second derivative
in time in the classical wave equation is substituted by a fractional Caputo derivative
of order | < o < 2, governs the propagation of mechanical diffusive waves in
viscoelastic media exhibiting a power-law creep [24].
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In the attempt to find more adequate models, the single fractional time derivative
is often replaced by a discrete or continuous distribution of fractional time derivatives
over the interval (0, 2), see e.g. [2], Chapter 6. Such generalized fractional wave
equations and other generalizations employing different memory kernels are a subject
of extensive studies in the last decade. For example, generalized Cattaneo equations
are discussed in [3, 12, 28], other generalized fractional wave equations are studied
in [4, 31, 32], analytical solutions to initial-boundary value problems for multi-term
fractional diffusion-wave equations are derived in [14]. Extensions of the regularity
results in [30] concerning the fractional diffusion-wave equation with a single Caputo
time-derivative can be found in [20] and in [34] for the multi-term diffusion and wave
equations, respectively.

One possible way to study multi-term wave equations is by applying the subordi-
nation principle, which allows to construct solutions of complex evolution equations
from the solutions of classical integer order equations, or simpler fractional order ones.
The principle of subordination naturally emerges as a notion in physics (see the survey
[11]) at the same time providing a useful tool in the study of the corresponding mathe-
matical models, e.g. for establishing well-posedness, for deriving regularity estimates,
or in the study of inverse problems. Subordination principle for various generalized
fractional diffusion-wave equations is established in [4, 6, 8, 9, 28, 29, 35].

Inverse problems for fractional evolution equations are studied by many authors
recently, see e.g. the review paper [17]. A standard inverse problem is to recover a
coefficient in an elliptic operator acting in space in a diffusion or wave equation from
a combination of initial data and over-specified boundary data. For such coefficient
inverse problems we refer to [16, 22, 25].

In [25] the subordination relation between the time-fractional wave equation and
a corresponding classical second order equation is applied to prove uniqueness to a
coefficient inverse problem for the fractional one. In the present work we extend this
result of [25] to an initial-boundary value problem for the multi-term time-fractional
wave equation on a bounded domain. Based on the subordination relation between this
multi-term equation and the corresponding single-term one, we derive the uniqueness
property to a coefficient inverse problem for the multi-term fractional wave equation
from the uniqueness result in [25].

In addition, as another application of the subordination principle, a regularity
estimate for the solution to the forward problem is derived.

The rest of the paper is organized as follows. In Sect. 2 we formulate the forward
and inverse problems, which are studied, and give some definitions. In Sect. 3 the
subordination principle is presented and the injectivity of the subordination integral
transform is established. Based on these results, in Sect. 4 the uniqueness for the coeffi-
cient inverse problem is proved. In Sect. 5 the eigenfunction expansion of the solution
to the forward problem is derived in terms of multinomial Mittag-Leffler functions
and a regularity estimate is established by applying the subordination relation. The
last Sect. 6 contains concluding remarks.
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2 Problem formulation and definitions

Assume Q C R?, d € N, is a bounded domain with sufficiently smooth boundary 9.
In this work the following equation is considered

m
Dlu(x, 1) + quD?ju(x, t)=Aulx,t)+ pxXu(x,t), xe€Q,t> 0,21
j=1
where A is the Laplace operator acting with respect to the spatial variables and Df, Dfl"
are fractional time-derivatives in the Caputo sense.

Recall that the fractional Caputo derivative Df of order o > 0 is defined as follows
(2, 24]

N 3 4" t (r — .L.)nfolfl n—1 ® ‘Ek
Do = o [ (f(t)—Zf 05 ) dv

k=0

where 7 is a positive integer, such thatn — 1 < a < n.
We suppose that the parameters in equation (2.1) obey the following restrictions

xe((1,2), a>a1>-->a, >0, a—a, <1,
( ) 1 m m (22)
qg;i >0, j=1,---,m.

Consider the initial-boundary-value problem (IBVP) for equation (2.1) with the
following initial and boundary conditions

.0
u(x,0) =a(x), tgr(r)lJr Eu(x, 1)=0, xeQ, 23)

u(x,t) =0, x €9, t > 0.

The IBVP (2.1)—(2.3) (in a more general inhomogeneous form and without the
assumption @ — o, < 1) is studied recently in [34]. Among other results, it
is established in [34] that under the conditions p € C (5), p < 0 in Q, and
ae H* Q)N HO1 (2), there exists a unique solution to IBVP (2.1)—(2.3), satisfying

u € C([0, 00); H*(22) N Hy (2)) N C([0, 00); L*(2)), (2.4)

where HO1 () and H2(2) are standard notations for Sobolev spaces (see e.g. [1]).
This is an extension of a result in the seminal work [30], concerning the single-term
fractional diffusion-wave equation (a particular case of problem (2.1)—(2.3), where
m = 0).

The function p(x) describes a spatial diffusivity coefficient and, from a physical
point of view, it is important how to choose p(x), so that the solution behaves appro-
priately. A standard inverse problem, referred to as coefficient inverse problem, is

@ Springer



E. Bazhlekova

to recover the coefficient p(x) from a combination of initial data and over-specified
boundary data.

The main purpose of this paper is to prove the uniqueness for the coefficient inverse
problem of determining p(x), x € €2, by interior data u|,x 0, 1), where T > 0 1is given
and w C 2 is a suitable subdomain. Such a result for the particular single-term case
of IBVP (2.1)—(2.3) with m = 0 is deduced in [25], see also [22], by applying the
subordination principle with respect to a second order equation and the analogous
uniqueness result for this equation. Inspired by the idea of this work, our proof of the
uniqueness for the coefficient inverse problem for equation (2.1) is based on the result
in [25] and the injectivity property of the subordination relation between the solutions
of the multi-term equation and the single-term one.

Let L2($2) be a standard L2-space with inner product (-, -) and norm || - ||. Assume
p e WHo(Q) and p < 0in Q. Let us define an operator A in the space L?*(Q) as
follows

(Apy)(x) = Ay(x) + p(x)y(x), x € 2 D(—A,) = HX(Q) U H}(RQ), (2.5)

where H2(), HO1 (£2) denote Sobolev spaces.

Let {Ax}ren be the set of all eigenvalues of the operator —A . It is known that the
eigenvalues are positive and with finite multiplicity, 0 < A} < Ay < ---, Ay — 00 as
k — o00. Let {¢k }xen be the corresponding eigenfunctions:

Appr = =M@k, @x € HX(Q) U Hy ().

The eigenfunctions form an orthonormal basis of L%(Q).
The operator (—A )Y, y > 0, is defined as follows

D((-4,)) = {f € L2(@): ) I ol < oo} :
k=1

(A [ =Y W (f o0

k=1

and D ((—Ap)?) is a Hilbert space with the norm

o 1/2
1 In(a,yry = I(=Ap)Y £l = (Z KIS <pk>|2) .

k=1
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3 Subordination principle

Along with IBVP (2.1)—(2.3) let us consider the particular case of the single-term
equation, subject to the same initial and boundary conditions

DYv(x,1) = Av(x, 1) + p(x)v(x, 1), x € Q, t >0,
d
v(x,0) =a(x), Iim —v(x,1) =0, x e, 3.1
t—0+ 0t

v(x, 1) =0, x €3, t > 0.

We use the subordination principle, discussed in [6] and [8], which relates the solution
of problem (2.1)—(2.3) for the multi-term equation to that of problem (3.1). For the
formulation of the subordination results we use the terminology of abstract evolution
equations (for basic notions see e.g. [6]).

Rewriting IBVP (2.1)—(2.3) in abstract form, we are concerned with the following
Cauchy problem for the multi-term fractional evolution equation

Dlu(t) + quD;x'/u(t) =Apu(t), t>0; u) =a, W(0)=0, (3.2
j=1

where a € L?(Q2) and the parameters o, «, g; satisfy restrictions (2.2).
Correspondingly, problem (3.1) in abstract form reads

Dfv(t) = Apu(t), t>0; v(0) =a, v'(0)=0, (3.3)

where a € L2 (Q) and | < o < 2.

The operator A, defined in (2.5), is a closed linear densely defined operator, that
generates a bounded cosine family S, (), (see e.g. [1], Section 7.2.), defined by the
following eigenfunction decomposition

Sa2(0a =Y (@ gx) cos (Vxr) ).

k=1

Recall that the function w(x, t) = S»2(¢)a is a solution of the second-order equation
wyr = Aw + p(x)w with initial and boundary conditions (2.3).

Moreover, it is known that the operator A, generates a bounded solution operator
S (¢) to Cauchy problem (3.3), defined by the eigenfunction expansion

Sa(t)a =Y " (a, o1) Ea (—hxt*) i (x),
k=1

where Ey(z) = ZZ‘;I 1“(#’;1) denotes the Mittag-Leffler function.
The unique solution of IBVP (3.1) is then given by v(x, t) = Sy (t)a.
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For establishing a subordination relation it is convenient to rewrite problem (3.2)
as an abstract Volterra integral equation and use the general subordination theorems
in [7]. Applying Laplace transform

LUFO)s) = fls) = /0 e f()de

we obtain from (3.2) by the use of the fundamental formula for Caputo derivatives

n—1

LDl i) =sPFi5) = > fPOsP 1K n—1<p<n neN, (4
k=0

the abstract Volterra integral equation

t
ut) =a +/ k(t —t)Apu(r)dr, 3.5)
0
where the scalar kernel k(¢) is defined by its Laplace transform

k(s) = 1/g(s) (3.6)

with g(s) being the following characteristic function

m
g(s) =s%+ qus”‘f, s> 0. (3.7
=1

3.1 Properties of the characteristic function g(s)

To prove subordination principle we need some facts from the theory of Bernstein
functions. For a concise overview of the special classes of functions related to Bernstein
functions we refer to [33], a short list of basic properties can be found e.g. in [6].
Denote by CBF the set of complete Bernstein functions. A function ¢ : (0, c0) - R
is said to be a complete Bernstein functions if and only if ¢(s)/s can be written as
a restriction of the Laplace transform of a completely monotone function to the real
positive semi-axis. Recall that f : (0, c0) — R is completely monotone if it is of
class C* and

(=D)"f™ >0 n=0,1,2,... (3.8)
A non-negative function ¢ € C°(0, co) is said to be a Bernstein function if its first
derivative ¢’ is completely monotone. Any complete Bernstein function is a Bernstein
function.

Define the following set of functions

CBF’ :={¢® : ¢ eCBF}, §>0. (3.9)
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The inclusion holds true [7]
CBF% Cc CBF?, 0 <8 <S. (3.10)

A property of the function g(s), which plays a basic role in our considerations, is
established next.

Proposition 1 Under the assumptions (2.2) the characteristic function g(s), defined
in (3.7), satisfies the property

g(s) e CBF*. (3.11)

Proof This property was established earlier in [8], see Proposition 4.1. Here we give
a different proof, based on the decomposition

m
g(s) =sP [s*7F + qus“f_ﬁ ,
j=1

where # = min {«,,, 1}. Let us note first that s° € CBF® for any 6 > 0, since

s € CBF. Moreover, taking into account that 0 < o; — 8 < o — B < 1, Proposition 2
in [7] implies

m
s“F Zq]-s“-/'_ﬂ e CBF*F.
j=1

Therefore, g(s) is a product of two functions from the sets CBF? and CBF*#,
respectively. Then the product property CBF®1 .CBF® C CBF®*% (for the proof
see [7], Proposition 1) implies g(s) € CBF“. O

Remark 1 The assumption @ — «,;, < 1 is necessary for the property (3.11), as well
as for the weaker property g(s) € CBF?2, as the following counterexample shows.

Consider the simple characteristic function g4 (s) = s* + 1, where 1 < o < 2.
First, we show that g, (s) ¢ CBF® by proving that the function A (s) = (gu(s))/ is
not concave for s > 0. Indeed, since « > 1, the second derivative of /(s) satisfies for
s >0

W'(s) = (@ — Ds* 2 (s* +1)* 7 > 0.
Therefore, concavity is not satisfied, which means that /(s) is not a Bernstein function.

In a similar way we show that g, (s) ¢ CBF?, taking h(s) = (gq (5))1/2. In this case
the second derivative is given by the expression

as® 22— 1) = (2 — a)s%)
4 (s* +1)%?

h'(s) = , s>0,
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which implies

2(a — 1))‘/“ o

h'(s) > 0for s € (0, M), M, = (
2—«a

Therefore, h(s) is not concave on the whole half-line (0, co) and, thus, it can not be
a Bernstein function.

3.2 Subordination relation and its injectivity

Applying the general subordination theorems in [7] (Theorems 4 and 5), we deduce
the following subordination result:

Theorem 1 Under the assumptions (2.2) the IBVP (2.1)—(2.3) admits a bounded
analytic solution operator S(t), which is related to Sy (t) via the subordination identity

S(t) = /00 ®(t, 7)Se(r)dr, t>0. (3.12)
0

The kernel ® (¢, ) is defined via the Laplace transform pair

g(s)
S

o0
/ eSOt T) dif = exp (—rg(s)l/“), r >0, (3.13)
0

where g(s) is given in (3.7). Moreover,
o0
d(t,7) >0, / O, t)dr =1, t,t>0. (3.14)
0

Theorem 1 implies that the unique solution of IBVP (2.1)—(2.3) admits the
representation

e8]

ulx,t) =S{t)a = /00 O(t, 1)Sy(t)adt = / o, t)v(x, T)dt, (3.15)
0 0

where v(x, t) is the solution to IBVP (3.1). Moreover, analyticity of the solution
operator S(¢) implies that u(x, t) is a real analytic function in the variable ¢, t > 0.

The subordination relation (3.15) between the solution of IBVP (2.1)—(2.3) for
the multi-term equation and its simpler single-term version IBVP (3.1) allows some
properties of IBVP (2.1)—(2.3) to be derived from the analogous properties of the
simpler problem (3.1).

The subordination identity (3.12) defines an integral transform with kernel ® (¢, 7).
Next we establish the uniqueness property of this integral transform.

@ Springer



Application of subordination principle to coefficient...

Theorem 2 Let f(1), t > 0, be a function with values in L*>(2), such that || f|| < M,
t > 0. Then the integral transform

fo = /OO ®(t, 1) f(r)dt, >0, (3.16)
0

with kernel ® satisfying (3.13) is well defined. Moreover, iff(t) =0foraet >0
then f(t) =0 fora.e. t > 0.

Proof The properties (3.14) of the kernel @ (¢, 7) and the boundedness of f(¢) imply
o o0
/ ||cb(f,f)f(f)||dT§M/ d(t,t)dt =M, t>0.
0 0

Therefore, the integral in (3.16), defining ]7, converges.

For s > 0 let us apply the Laplace transform to both sides of identity (3.16). We
can interchange the order of integration and obtain by applying (3.13) the following
representation of the Laplace transform of the function f

00 N 1/« [e's]
/ e Foyde = £ / P (_tg(s)l/a> AL
0 § 0

Since g(s)'/* is a complete Bernstein function, it is in particular continuous and
monotonically non-decreasing for s > 0. Moreover, g(0) = 0 and g(+00) = +o0.
Therefore, the assumption f(t) = O for a.e. t > 0, implies that the Laplace transform
of f vanishes on the right half of the real line. Then the uniqueness property of Laplace
transform (see e.g. [1], Theorem 1.7.3) implies f = O for a.e. t > 0. O

4 Uniqueness for the coefficient inverse problem

In [25] the uniqueness for a coefficient inverse problem of determining the function
p(x) in (3.1) is established under appropriate additional data. In this section we use
the uniqueness result of [25] and the properties of the subordination relation from the
previous section to extend this result to the multi-term case. In this work we make
the same assumptions as in [25] in order to guarantee the uniqueness result for the
coefficient inverse problem for the single-term equation (3.1).

Let w be a sub-domain of 2, such that dw D 9€2, and set

Un ={p e W'™(@: p=0inQ, Iplyie =M. plo=n}, @D

where M > 0 is a constant and 7 is a smooth function, which are arbitrarily chosen.
Let us denote by u,(x, t) the solution to problem (2.1)~(2.3) and by v, (x, t) the
solution to problem (3.1).
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Theorem 3 Assume conditions (2.2) are satisfied,
a € H (Q)UHZ(RQ), Aa e H(Q), a(x) > 0forx € Qo,
and let p, q € Uy, where the set of functions Uy is defined in (4.1). If
up(x,t) =uy(x,t), xcw, t€(0,7), “4.2)

then p(x) = q(x) for x € Q.

Proof 1t is proven in [25] that, under the assumptions of the theorem, v p = Vg in
o x (0, T) implies p = ¢ in Q. For the proof of the theorem we use this fact and
the results from the previous section. Theorem 1 yields the following subordination
relations forx € Qandt > 0

up(x,t) =/0 O, Dvp(x, 1) dr,

ug(x,t) =/0 O, vy (x, T)dT.

The analyticity of the solution operator S(¢) in Theorem 1 implies analyticity in ¢ of
the solutions u,(x, t) and u,(x, t). Therefore, assumption (4.2) implies u,(x, t) =
ug(x, 1) for (x, 1) € w x (0, 00), i.e.

x
/ O(1,7) (vp(x, 1) —vg(x, 7)) dt =0, x€w, 1>0.
0

For arbitrary x € w, Theorem 2 yields v, (x, ) = vy(x, t) for t > 0. Applying the
theorem in [25], concerning the single-term version of the present theorem, we deduce
px) =qx),x € Q. O

5 Aregularity estimate

In this section we apply the subordination principle in Theorem 1 to obtain some
regularity estimates for the solution of the forward problem (2.1)—(2.3). Regular-
ity estimates for the multi-term equation on bounded domain have been derived so
far based on the eigenfunction expansion of the solution, see [34], which relies on
estimates for the multinomial Mittag-Leffler function.
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5.1 Eigenfunction expansion

First, we present briefly the derivation of the unique solution to IBVP (2.1)—(2.3) by
the Fourier method. The corresponding equations in the eigenspaces

m
DEyi(t) + Y q; D yi(®) + ye() =0, 3 (0) =1,3,(0) =0,  (5.1)
Jj=1

can be solved by applying Laplace transform. Using the property (3.4) we obtain

8(s)

e 5.2
s(g(s) + k) 62

Y (s) =

where the function g(s) is defined in (3.7).
To obtain from (5.2) an explicit representation for the function y(¢), let us consider
the multinomial Mittag-Leffler function

00 n kj
k! [Ti=iz;
Eu ). p@1s o 20) = § 2 : kil k! n ’
k=0 kj+.. thy=k "L fnt T (ﬁ +2 M.i"/')

kl ZO,.‘.,anO

which is introduced in [13] as a generalization of the classical Mittag-Leffler function

and used for solving multi-term fractional differential equations with constant coef-

ficients, see e.g. [5, 23, 34]. For more details on Mittag-Leffler functions and their

generalizations we refer to [10], see also the very recent papers [18, 19, 26, 27].
Taking into account the Laplace transform pair (see e.g. [5])

sfﬁ
L+ 370 as™h

c {tﬂ*IE(,“ ,,,,, o p(—art", —ant“”)} (s) = (5.3)

we obtain from (5.2) that the solution yg (#) of (5.1) can be expressed in terms of the
multinomial Mittag-Leffler function as follows

yk(t) =1- )‘ktaE(ot,a—al ,,,,, a—ay),a+1 (_)‘-kta, _q1ta_al, ceey _tha_am) (54)
Therefore, the unique solution of IBVP (2.1)—(2.3) admits the eigenfunction expansion
o
(e, 1) =Y (a, gy (e (x), (5.5)
k=1

where yi (¢) is given in (5.4). The eigenfunction expansion (5.5) can serve as a starting
point for obtaining regularity estimates for the solution of IBVP (2.1)—(2.3) by using
some properties of the multinomial Mittag-Leffler function, see [34]. Next, we give
an example of deriving regularity estimates by the use of the subordination principle
and known estimates for the single-term equation.
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5.2 Application of subordination principle

First, let us mention the simple estimate for the solution of the single-term diffusion-
wave equation (3.1): |[v(-, t)]| < C|lall. Applying the subordination relation (3.15)
and, taking into account the properties (3.14) of the subordination function ®(¢, 7),
we derive the same estimate for the solution u(x, t) of the IBVP (2.1)—(2.3) for the
multi-term equation:

o0

-, Dl S/O O, v, Dlldr < C/o (1, t)drllall = Clla]|.

By applying a similar idea, next we generalize the following estimate for the single-
term diffusion-wave equation (3.1) whena € D ((—A p)”), which is obtained in [15]
(in different notations and for p = 0, but the proof can be easily extended to our case):

WG Dllp—a,ney < Ct P lalipa,yry >0, (5.6)
where ) <y < <landa € (1, 2).
Theorem 4 Let assumptions (2.2) be satisfied and a € D ((—A,,)V) for some y €

(0, 1). Then for any B € (0, 1), such that 0 < B — y < 1/2, the solution to IBVP
(2.1)—(2.3) satisfies the estimate

I Dl pe—a,py < Crt~*PNlallp_a,yry. 1€ ©T). (5.7)

Proof Applying the subordination relation (3.15), properties (3.14), and estimate (5.6),
we derive

e Dl < fo ®@DIC Dllp(-apm 47 (5:8)
< C/O (1, T)T ¥ dellalp(-a,ry-

Denote 1(t) := fooo &1, 1)t BV dr. Since 0 < a(B — y) < 1 the integral is
convergent and the function /() is well defined. Applying the Laplace transform pair
(3.13) and the following identity for the Gamma function

o
/ xPVexp(—gx)dx =T(p)g ", p>0, qg>0,
0
we obtain for the Laplace transform T(s) of the function I (¢)

. 1/a 00
Ty = 897 / 7B exp(—1g(s) /%) dt
S 0

B—y
_ra —a(ﬂ—y»%, (59
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where the function g(s) is defined in (3.7). Therefore

B—y

1) =T —aB—y)s*F-1[14 Zq,s“f—“ ) (5.10)
j=1

From (5.10) we find explicit expression for the function /(¢) in terms of multinomial
Prabhakar functions [5]

kj

00 n
5 B ®)x [Tj=12;
E(m,..-,un),ﬁ(zl’""Z”)_Z Z kil k! n X
k=0 ky+...+kn=k B+ mik;
k1>0,....,k, >0

’

where (§); denotes the Pochhammer symbol
G =8@6+1...64+k—=1), keN, §eR; (8o=1, § € R\{0}.

The Laplace transform pair [5]

=

m
L {I/S_IE?M1 ’’’’’ Mn)’ﬁ(—alt’“, e, —ant“")} )=sP|1+ Zajs_“/'
j=1

and (5.10) imply

10) = capyt™ PVELL, oo iatpoy (011 )
wherecy g, =I' (1 — a(B — y)). Plugging this resultin (5.8) and taking into account
the asymptotic expansion of the multinomial Prabhakar function for small ¢, given by
the first term in the series expansion, we derive (5.7). ]

6 Concluding remarks

In this work we established a uniqueness result for a coefficient inverse problem for
the multi-term time-fractional wave equation on a bounded domain. The proof is based
on the subordination principle and the uniqueness result for the particular case of the
single-term equation.

Applying the subordination principle, we can easily obtain some regularity esti-
mates for the multi-term wave equation, as the presented example demonstrates.
However, the applicability of this method is restricted. For instance, in the consid-
ered in Theorem 4 example, the power of time variable in the original estimate (5.6)
should be such that, after plugging in the subordination identity, the convergence of
the obtained integral (5.8) is guaranteed.
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Other types of inverse problems, e.g. the unique determination of the orders of

fractional derivatives under some additional data, can be studied by the use of the eigen-
function expansion (5.5) and relevant properties of the multinomial Mittag-Leffler
function. In this way the results in [21, 25] concerning the unique determination of the
fractional orders in the single-term case and the multi-term diffusion case, respectively,
can be extended to the considered in the present work multi-term wave equation.
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